The single-transverse spin asymmetry(SSA) for hadron production in transversely polarized proton scattering receives major contribution from Sivers effect, which can be systematically described within the collinear twist-3 factorization framework in various processes. Conventional method in the evaluation of Sivers effect known as pole calculation is technically quite different with the nonpole method used in evaluating final state high twist effect. In this paper, we extend the non-pole technique to Sivers effect, and show the consistence with the conventional method through explicit calculation of O(αs) correction in semi-inclusive deep inelastic scattering. As a result, we clarify that the conventional pole calculation is implicitly using the equation of motion and the Lorentz invariant relations whose importance became widely known in the non-pole calculation, we also demonstrate the advantages in using the new non-pole method.
I. INTRODUCTION
The origin of the single transverse-spin asymmetries(SSAs) in high-energy hadron scatterings has been a longstanding mystery over 40 years since the strikingly large asymmetries were observed in mid-1970s [1, 2] . RHIC experiment has provided many data of the SSAs for various hadron productions in the last decade [3] [4] [5] [6] [7] and motivated a lot of theoretical work on the development of the perturbative QCD framework. Much theoretical effort has been devoted to develop a reliable QCD-based theory that can deal with those experimental data and finally the twist-3 framework in the collinear factorization approach was established as a possible new framework which can provide a systematic description of the large SSAs.
It is commonly known that there are two effects that lead to the single transverse-spin asymmetries observed in experiment, i.e., initial state Sivers effect and final state Collins effect. The Sivers effect is essentially twist-3 contribution generated from the transversely polarized initial state. Started from the pioneering work by Efremov and Teryaev [8] , more systematic techniques were developed in a series of work done around '00 [9] [10] [11] [12] . A solid foundation of the twist-3 calculation for the Sivers effect was finally provided in Ref. [12] . We will show the calculation technique in detail in next section and here we just give a brief introduction. The twist-3 effect of the transversely polarized proton can be expressed by the dynamical twist-3 function T q,F ≃ F .T . pS ⊥ |ψgF +− ψ|pS ⊥ and the cross section in deep inelastic scattering (DIS) can be derived as
where D represents the usual twist-2 fragmentation function and dσ is a hard partonic cross section. Because all nonperturbavite functions are real in this equation, the partonic cross section have to give an imaginary contribution in order to cancel i in the coefficient. This imaginary contribution can be given by the pole part of a propagator in the partons scattering. In the quantum field theory, the propagator is given by the time-ordered product of two fields and it has iǫ-term in the denominator. The imaginary contribution can emerge from a residue of contour integration. This is a basic mechanism of the pole calculation for the Sivers type contribution. Next we turn to the twist-3 fragmentation effect of the spin-0 particle like the pion which is known as Collins effect. The calculation for the twist-3 fragmentation contribution in proton-proton collision was completed in Ref. [13] and the calculation for DIS was done in Ref. [14] in a formal way. The dynamical twist-3 fragmentation function can be defined asD q,F ≃ F .T . 0|gF +− ψ|hX hX|ψ|0 and the cross section is expressed by the same form as in Eq. (1) with T q,F replaced byD q,F , and D replace by the usual twist-2 parton distribution function. The main difference is that the fragmentation functionD q,F is complex and therefore the hard part doesn't have to give the imaginary contribution. This is called non-pole contribution, which has significant differences from the pole calculation. The cross section for the pole contribution only depends on the dynamical function, while the result for the non-pole contribution is expressed in terms of three types of the nonperturbative functions, the dynamical, intrinsic and kinematical functions. In general, the hard cross section for each nonperturbative function is not gauge-and Lorentz-invariant, because they are not physical observables, only their sum leads to physical result as measured by experiment. This problem is solved by using two types of the relations among the nonperturbative functions which are called equation of motion relation and Lorentz invariant relation [15] .
As discussed above, the calculations for the pole contribution and the nonpole contribution are technically different from each other. Both techniques construct an important foundation of the higher twist calculation but not so many people are familiar with both these two because of the technical differences. In this paper, we reexamine the result of the pole calculation from the viewpoint of the nonpole calculation in order to understand two calculations in a unified way. We show that the nonpole calculation has several technical advantages, thus should be extended to various channels and higher twist calculations.
The remainder of the paper is organized as follows: in Sec. II we introduce the notation and review the conventional pole calculation in detail. In Sec. III we show the nonpole calculation method for the twist-3 contribution in order to reexamine the pole contributions. Finally, in Sec. IV we summarize the achievements in this paper and make some comments on possible applications of the new non-pole method.
II. CONVENTIONAL POLE CALCULATION AT TWIST-3
The conventional collinear expansion framework at twist-3 has been developed in Refs. [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . We review here the pole calculation for semi-inclusive deep inelastic scattering (SIDIS) in order to show the difference with the new method of non-pole calculation that we propose in next section.
We consider the process of polarized SIDIS
where the initial proton is transversely polarized. l and l ′ are, respectively, the momenta of the incoming and outgoing electrons. p and S ⊥ are the momentum and transverse spin of the beam proton, P h is the momentum of the final state hadron. In this paper, we focus on one-photon exchange process with the photon invariant mass q 2 = (l − l ′ ) 2 = −Q 2 , the extension to charged current interaction is straightforward. The polarized cross section for SIDIS is given by
where the standard Lorentz invariant variables in SIDIS are defined as
The leptonic tensor is defined as follows
In order to simplify the discussion, we will only consider the metric part L µν → −Q 2 g µν . The SSA in SIDIS can be generated by both the initial state and final state twist-3 process. We focus in this paper the contribution from initial state twist-3 distribution functions of the transversely polarized proton, then the polarized differential cross section can be written as
where D i→h (z) is the usual twist-2 unpolarized fragmentation function. The hadronic part W i describes a scattering of the virtual photon on a transversely polarized proton, with the leptonic metric part contracted. We will make the subscript i implicit in the rest part of this paper for simplicity. In the conventional twist expansion framework, one needs to consider diagrams as shown in Fig. 1 , in which the hadronic part reads
The twist-3 contribution is generated by the pole terms, which come from the imaginary part of the propagator
thus only −iπδ(k 2 ) is considered in conventional pole method. When we consider O(α s ) contribution, there are three types of pole contributions: soft-gluon-pole contribution(SGP, x 2 − x 1 = 0), soft-fermion-pole (SFP, x 1 = 0 or x 2 = 0, x 1 = x 2 ) and hard-pole (HP,
. Representative diagrams for each pole contribution are shown in Fig. 2 . It's known that there are other contributions given by the diagrams including the two quark lines in the same side of the cut [18] . However, we don't consider those contributions because it's easy to generalize our result to those cases. One can factor out the δ-function in H pole ji,α (k 1 , k 2 ) for the three pole contributions
where the factor (2π)δ (k 2 + q − p c ) 2 representing the on-shell condition of the unobserved parton, p c is the fourmomentum of the final state fragmenting parton. We can show the Ward-Takahashi identity(WTI) for the pole contributions,
Considering k 1 and k 2 derivatives, we can derive the relations,
where
. Thus we can derive the following useful relations for SFP and HP ∂ ∂k
which lead to
However, we cannot use WTI for the SGP diagrams to derive similar equation as shown above because the SGP term corresponds to δ(x 2 − x 1 ). So far, the only way to derive this is to calculate all the relevant diagrams explicitly, which is annoying in high order perturbative QCD calculations. In SIDIS at O(α s ), the authors of Ref. [12] have checked explicitly that the above relation also hold true for
The diagrams for SGP, SFP and HP contributions. The black dot is a possible point where the gluon with momentum k2 − k1 attaches. The separation of the pole (8) is done for the red barred propagators.
Now we can perform collinear expansion of the hard part
where the transverse projection operator is defined as ω . We work in the hadron frame and p µ = p +nµ . The next step is to decompose the gluon field A α into longitudinal and transverse components
where A n = A · n. Substitute Eqs. (15, 16) into Eq. (7), we can extract the twist-3 contribution
The last term in Eq. (17) can be eliminated by using the relation Eq. (11), and the first term can be rewritten as
is the F-type dynamical function which can be further expanded as
with the nucleon mass M N and the field strength tensor defined as F βn (y
, notice that the nonlinear gluon term in the field strength tensor has been omitted because it comes from Feynman diagrams with linked gluons more than one, therefore does not show in Eq. (18) . T q,F (x 1 , x 2 ) is the well-known Qiu-Sterman function, defined as following
Using Eq. (12), one can evaluate the derivative over the hard part in Eq. (18) for SFP and HP. For SGP, we need to rely on the master formula [19] 
where H ji (x 1 p) is the γ * q → qg scattering cross section without the gluon line with the momentum (x 2 −x 1 )p. Combine the three pole contributions together, we reproduce the final result based on the conventional pole calculation
where all hard cross sections are listed below,
with the standard Mandelstam variables defined aŝ
In the next section, we show that the new non-pole method can reproduce these hard cross sections. We would like to make a comment on the relation (14) for the SGP diagrams, this relation is required to construct the gauge-invariant matrix for the dynamical function. However, there is no simple way to prove this relation and we have to check it diagram by diagram. This is a frustrating point of the conventional pole calculation. We will show that the new method doesn't have such difficulty and it's a more flexible calculation technique.
III. RESULT OF THE NEW NON-POLE CALCULATION
We introduce the new non-pole calculation method in this section. The main difference between the pole and non-pole methods is on the decomposition of the propagator shown in Eq. (8) . In the new method we keep both the principle value part and the pole part until we perform the contour integrations in the end, while only the pole part is considered in the conventional method. In this sense, the new method can be regarded as a more rigorous approach of the twist-3 calculation. In the new method we propose here, the hadronic part should be written as a sum of all the diagrams, i.e.,
, where i denotes the number of gluon attachment. Let's start with the diagram in Fig. 3 without any gluon attachment, which is given by
The twist-3 contribution from diagrams without gluon attachment can be obtained by performing collinear expansion of the hard part
Then Eq. (25) can be decomposed as two parts
In general, the first term can give the twist-3 contribution when the hard part gives transverse component H ji (xp) ∼ (γ ⊥ ) ji . Next we consider the diagrams with one gluon attachment as shown in Fig. 1 which were also considered in the conventional method. Here we need to consider a set of diagrams H ji,ρ (k 1 , k 2 ) shown in Fig. 4 and their complex conjugate. We call them non-pole diagrams because we don't separate the pole term from the propagators. The non-pole contribution to the hadronic part reads
Similar to the strategy in dealing with diagrams without gluon attachment, the first step to extract the twist-3 contribution from one gluon attachment diagrams is to perform collinear expansion of the hard part
One also need to decompose the gluon field A ρ into longitudinal and transverse components as in Eq. (16). Then Eq.(28) can be expanded as follows
notice that other terms in the combination of Eqs. (16) and (29) contribute to higher twist. The hard part shown in above equation can be further simplified by using the WTI relations, which is straightforward to derive in the non-pole calculation method [14] (
The non-pole hard part doesn't have the delta function δ(x 2 − x 1 ), therefore, we can derive the following useful relations
where the sign of iǫ was determined by the fact that there is only the final state interaction in SIDIS. By using these useful relations derived from WTI, the hard part terms H ji,α (k 1 , k 2 ) and H ji,p (k 1 , k 2 ) contained in Eq. (30) are respectively given by
Substitute Eq. (33) into Eq. (30), we obtain the final result
Summing over all twist-3 contributions in the diagrams in Figs. 1 and 3 , represented by Eqs. (27, 34) , respectively, we can contract the gauge-invariant expression
where the matrices are given by
where operator definition of f
The definition of M β F (x 1 , x 2 ) and its decomposition is defined in Eq. (19) . In the present case, the first term in Eq. (35) can't give a twist-3 contribution because the spin projection γ α ǫ αnnS ⊥ is forbidden by P T -invariance. Therefore, we can eliminate the first term in Eq. (35) and rewrite the twist-3 hadronic part
In the new method presented above, we only needed the well-defined relations (32) to construct the gauge-invariant matrix elements. We find that the difficulty associated with the relation (14) in the conventional calculation was removed. This is one of the advantages in the new method. Another advantage is that, by using Eq. (39), we don't need to calculate the derivative of the hard part from diagrams with one gluon attachment, this will significantly reduce the complexity of twist-3 calculation, in particularly for high order calculations.
B. SIDIS at O(αS)
In this subsection, we show in detail the calculation of hadronic part for SIDIS at O(α s ). We factor out the on-shell δ-function from the hard partonic part, 
whereσ(ŝ,t,û) is the 2 → 2 partonic cross section in SIDIS. For qγ * → qg channel, it readŝ
Notice that, for convenience, we have changed the notation x 1 → x ′ , x 2 → x in right-cut diagrams, and x 1 → x, x 2 → x ′ in left-cut diagrams. We discuss the gauge-and Lorentz-invariances of the hard cross sections associated with f 1T (x) is not Lorentz-invariant. The vector n in the parametrization (19) satisfiesn · n = 1 and n 2 = 0. These conditions are not enough to uniquely determine the choice of n and there are two possible choices in SIDIS,
We can check that the coefficient (ǫ
1T (x) depends on the choice of n. This ambiguity of the cross section is physically interpreted as the frame-dependence because the spatial components of n is determined so that it has the opposite direction of the momentum p as n = − p/p + . From the requirement of the frame-independence, the cross section has to be proportional to the factor (ŝ + Q 2 )ǫ pcnnS ⊥ +tǫ qnnS ⊥ as already shown in the cross section (22) derived by the conventional pole method. We will show later that the gauge-and Lorenz-invariances of the cross section are guaranteed by using Eqs. (A18, A19) . Now we show how to calculate the hard partonic partH L (x ′ p, xp). There are four types of x ′ -dependences in Feynman gauge. Fig. 5 shows typical diagrams which have x ′ -dependent propagators. Each propagator can be calculated as follows:
propagator (1) :
propagator (2) :
propagator (3) :
propagator (4) :
where V αρτ comes from the 3-gluon vertex. We can find that all x ′ -dependence appear only in three types of denominators, x − x ′ − iǫ, x ′ − iǫ and x ′ − x B + iǫ. Products of two denominators can be disentangled as
From the above discussion, we can conclude that the cross section associated withH
All hard parts H F i are independent of x ′ . We can do the same discussion onH R α (xp, x ′ p). Then we can calculate each hard partonic cross section and obtain the following result for the hadronic part
where the hard cross sections are given bŷ
σ N D ,σ D ,σ SF P ,σ HP can be found in Eq. (23) . Since H F i are all independent of x ′ , the x ′ -integration only involves T q,F (x ′ , x) and the propagators. Then we can perform x ′ -integration in Eq. (48) as
where we have used the symmetric property of Qiu-Sterman function T q,F (x ′ , x) = T q,F (x, x ′ ) in the integration of the double pole coefficient. Substituting these relations into Eq. (48) and using Eqs. (A18,A19), we can finally derive the transverse polarized cross section in SIDIS based on the new method as
This is exactly the same with the result of the conventional calculation (22) . We would like to emphasize that the cross section is never gauge-and Lorentz-invariant if the kinematical function f
1T (x) and Qiu-Sterman function T q,F (x, x) are independent with each other. The relation between them is needed for the physically acceptable result.
IV. SUMMARY
We proposed the new nonpole calculation method for the Sivers effect in the twist-3 cross section and confirmed the consistency with the conventional pole calculation. We found out that the relation f ⊥ (1) 1T (x) = πT q,F (x, x) is very important to guarantee the gauge-and Lorentz-invariance of the final result. We reproduced this relation without introducing the definition of the TMD Sivers function. The importance of Eq. (A18) has been mainly discussed in the context of the matching between the TMD factorization and the collinear twist-3 factorization frameworks. Our calculation showed that this is also important for the gauge-and Lorentz-invariances of the twist-3 physical observables for the Sivers effect. This result provides a new perspective on the relation. Same technique can be also applied to the gluon Sivers function and the twist-3 gluon distribution functions [16] . The relation between them is relatively nontrivial compared to the quark functions. From the requirement of the gauge-and Lorentz-invariances of the twist-3 cross section, we can derive a similar relation with Eq. (A18) for the gluon distribution functions.
One of the advantages in the new non-pole calculation method is that we don't need to prove Eq. (14) for the SGP contribution as required in conventional pole method, which can be only checked through diagram by diagram calculation. It's known that this relation may not be hold when the description of the fragmentation part is changed to other framework such as NRQCD for heavy quarkonium production. In the new method, we never separate the pole contributions and then no singularity arise from the relation associated with WTI. Our new method will extend the applicability of the collinear twist-3 framework.
In the new method, one does not need to perform derivatives over the initial parton's transverse momentum in the calculation of Feynman diagrams with additional gluon attachment, this could significantly reduce the complexity of high twist calculation. We expect the new method present in this manuscript can be extended to higher-twist calculations, which become one of the standard method to investigate the nontrivial nuclear effect in heavy ion collisions [20] [21] [22] [23] [24] . As we don't need to perform derivatives over the initial parton's transverse momentum in the new non-pole method, we expect the new approach will be of great use in performing next-to-leading order calculation at higher twist, in which the conventional collinear expansion caused ambiguity in setting up the initial parton's kinematics [28, 29] , this ambiguity can be resolved in the new non-pole method.
Appendix A: Twist-3 quark-gluon correlation functions
Definition of the twist-3 functions
We introduce the definition of all related twist-3 functions for the transversely polarized proton.
The D-type function T q,D (x 1 , x 2 ) is real and antisymmetric
By using the translation invariance [15] ,
we can show M *
1T (x) is real function. The kinematical function f
1T (x) has another definition using the quark TMD correlator. Here we recall the definition of the quark Sivers function,
We can find a relation between the first moment of M (x, p T ) and the correlator of the kinematical function
Then f
1T (x) can be expressed by the first moment of the quark Sivers function [25, 26] .
F-type dynamical function
where the F-type function T q,F (x 1 , x 2 ) is real and symmetric T q,F (x 1 , x 2 ) = T q,F (x 2 , x 1 ).
Relation among the functions
In order to find a relation among the twist-3 functions, we use the identity for the 
We calculate each term in r.h.s of (A9) below.
(1) first term 1T (x 1 ).
Using the interchange symmetry x 1 ↔ x 2 , we can rewrite the above relation as 0 = 1
1T (x 1 ).
We can calculate x-derivative ofσ qγ * →qg as The derivatives of the Mandelstam variables can be done after the calculation of the diagrams, which is much easier than the direct k-derivative.
